To find the point between two massive spherical bodies at which their gravitational fields cancel is an apparently simple problem usually found in introductory physics textbooks. However, by noting that such a point does not exist when the distance between the spheres is small and one of the masses is much smaller than the other-e.g., between the Earth and a billiard ball near the ground-I develop here a simple analysis for establishing existence conditions for this point. Unexpectedly, I have found that the net gravitational field can be null also in certain points inside each sphere. The position of these 'inner' points can be determined by solving a cubic equation via the standard method, known as Cardan's solution. However, when the discriminant of this equation is negative one has the irreducible case, for which Cardan's solution 'fails', but a trigonometric method proposed recently yields exact closed-form expressions. Interestingly, it is shown that these 'inner points' do occur in the Earth-Moon system, in which they are determined just by solving irreducible cubic equations.
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(Some figures in this article are in colour only in the electronic version) They were very upset when I said the thing of greatest importance to mathematics in Europe was the discovery by Tartaglia that you can solve a cubic equation, which, although it is of little use in itself, must have been psychologically wonderful because it showed a modern man could do something no ancient Greek could do, and therefore helped in the renaissance, which was the freeing of man from the intimidation of the ancients.
R Feynman (during his visit to Greece, in 1980)
Contrarily to a naive popular opinion, the apparent weightlessness felt by astronauts in spacecrafts orbiting around the Earth is not caused by a negligible gravitational field, due to the large distance from Earth's surface. Another hypothesis that some creative students often raise is that, at such large distances, the gravitational field of Earth would be cancelled by the field from the Moon 1 . This naive hypothesis is easily overthrown when we tell students that the typical distance from such spacecrafts to the Earth's surface is much smaller than R, the Earth's mean radius, rather than ≈ 53R, as would be necessary for a spacecraft to occupy a point between the Earth and the Moon at which their gravitational fields exactly cancel. It is a simple exercise on gravitation to find out this distance, within the assumption of punctiform bodies, as found in most introductory physics textbooks [1, 2] . Of course, the assumption of punctiform bodies yields a gravitational field that increases without limit near the bodies, thus a point always exists between the bodies, along the line joining them, at which is null the net gravitational field within this simplified model, which is not true. In a more realistic model which takes into account the finite size of the bodies-i.e., when we treat them as extensive bodies-it is easy to prove that the net field can be non-null everywhere in the space between the surfaces of the spheres. A simple example for making this clear for the reader is that of a small billiard ball near the ground, when the Earth gravitational field at the surface of the ball is so many times stronger than the field from the ball itself. Therefore, there is no point above the Earth's surface at which these fields exactly cancel. This aroused me to the need of investigating under what conditions a point exists between two massive spherical bodies at which is null the net gravitational field.
By neglecting other sources of gravitational field, let us take into account two massive spherical bodies with masses M and m 2 , radii R and r, centred at the points O and O , respectively, which are separated by a distance d greater than R + r, as illustrated in figure 1.
which the gravitational fields from M and m exactly cancel. Since these fields are opposite in this region, the habit of using a punctiform model leads the students, textbook readers and even teachers to think that such a point always exists, independently of the magnitudes of the masses and distances involved. To show that this is not true, we proceed as follows. From the superposition principle, it follows that the net field will be null at P when the absolute value of the gravitational field from M equals that from m. x e being the abscissa of P (the index e means for external), one has
where G is the Newtonian constant of gravitation. Since P has to be between A and B, then R x e d − r. Therefore, the term d − x e is positive and we can easily extract the square root on both sides of (1). Solving for x e , one finds that
is the unique solution. This is the solution presented in textbooks and solutions manuals for our problem [3] . Note, however, that the above restrictions on x e are not automatically satisfied. In other words, when the value for x e obtained in (2) is either smaller than R or greater than d − r, equation (1) is not valid and one has to conclude that a point P, between A and B, with null net field does not exist. Conversely, both conditions x e R and x e d − r may be understood as the existence conditions for a point P with the above properties. By making use of (2), these conditions can be rewritten in a compact form, involving only the masses and distances, as given by
where m ≡ m/M. Turning back to our introductory example, it is now clear that a typical billiard ball (m ≈ 0.1 kg and r ≈ 3 cm) does not generate any point P between its surface and the Earth (M ≈ 6 × 10 24 kg and R = 6.374 × 10 6 m) with null net field, as expected, except if it is put at a minimum (astronomical) distance of 36456R from the Earth's surface. In the case of the Earth-Moon system, one has m ≈ 0.0123; hence the above condition reads d max {1.111R, 10.017r}. Since r = 1.74 × 10 6 m, the condition reduces to d 2.735R. As the mean orbital radius of the Moon around the Earth is d ≈ 60R, the condition is satisfied and there is a point P between the Earth and the Moon surfaces at which the net field is null. According to (2) , P is at x e ≈ 54R.
By taking into account that the gravitational field inside a massive sphere with uniform density (as will be assumed hereafter) decays to zero linearly with the distance to its centre, let us investigate the possibility of finding a point with null net field somewhere inside the bodies. For this, let us write the functional dependence of the gravitational field from our massive spheres on the distance to their centre. Along the line between the centres, the magnitude of the field from the sphere with mass M is given by the following continuous piecewise function: Similarly, the field from the other sphere is
These functions are plotted in figure 2 , in which arbitrary suitable parameters were chosen for showing that we can obtain up to three distinct solutions on the interval 0 < x < d. Note, in this figure, that each field attains its maximum at the surface of the corresponding sphere. This feature can be taken into account for establishing the following criteria for the number of distinct solutions to our problem. 
, but not both, take place. In this case, one has two solutions, one at the surface of one of the spheres and the other inside the other sphere.
Let me show, with mathematical rigor, the existence of a solution inside the sphere with mass M when g m (R) < g M (R), which is part of the case (iii), above. The other
2 < 0. Now, note that the net field at the origin is simply
The last factor has just been shown to be negative, thus g(R) < 0. By the intermediate value theorem from calculus [4] , g(x) being a continuous function in the closed interval 0 x R, one has to conclude that there is at least one point Q in the open interval 0 < x < R at which g(x in ) = 0. The uniqueness of the solution in the interval 0 < x < R can easily be realized by inspection of the graph in figure 2 , but a rigorous demonstration involves the analysis of the zeros of the function obtained by equalizing a linear function with an inverse square function, which clearly leads to a cubic equation. Let us then introduce this subject properly, since it is usually not covered in undergraduate courses.
Although cubic equations occur less frequently in real-world problems than linear and quadratic equations, they still do occur 5 [5] . There is a variety of problems whose solution involves non-trivial cubic equations, such as trisecting an angle, solving quartic equations [6] 6 , finding the smallest distance from a point to a given parabola, modelling recipients, studying elliptic curves [7] 7 , architecture projects [9] , some topics in econometrics, the equation of state for real gases [10] , the motion of a toy top [8] , the turning points of a particle moving frictionless on the inside surface of an inverted cone, relativistic astrophysics and cosmology [11] and others [12, 13] . However, solving cubic equations is generally more complex than solving quadratic equations, for which a very simple formula exists 8 . As with quadratic equations, there is also a closed formula for non-trivial cubic equations, the so-called cubic formula or Cardan's solution, but it is more complicated 9 . Furthermore, there are some cubic equations that have three distinct real roots 10 , for which Cardan's solution yields another cubic equation of the same kind, and so on. This is why these equations are called irreducible. It is colloquially said that Cardan's solution 'fails' when applied to a cubic equation of the irreducible case because it yields solutions with apparently non-null imaginary parts, which have to be manipulated further in a manner to be written in the form of real numbers 11 . To exemplify how a cubic equation arises in our problem and how it can be solved, let us take into account the region between O and A, where a point Q can exist where the net gravitational field is null. In this region, the net field reads 5 One of the first appearances of cubic equations in literature was in book II of On The Sphere and The Cylinder, by Archimedes, in which one finds the problem of sectioning a sphere with a plane in a manner to obtain two spherical segments whose volumes are in a given ratio. He even developed a discussion on the conditions under which a cubic equation can have a positive root. 6 It was Ferrari who was the first to show that Cardan's solution can be taken as the basis for finding all the roots of any quartic equation. For recent work on this subject, see [6] . 7 The Wiles proof of Fermat's last theorem has provided new insights into solving cubic equations, a key component of elliptic curves. See [7] . 8 The quadratic formula establishes the two solutions of ax 2 + bx + c = 0 as being x = −b± √ 2a , where = b 2 − 4ac is the discriminant of the quadratic equation. 9 In his Summa de Arithmetica, Geometria, Proportioni, et Proportionalita (1494), Luca Paciolli commented that it should be impossible to find the solution of a general cubic equation. Soon later, Scipione del Ferro, of the University of Bologna, shattered Pacioli's conjecture by solving x 3 + px = q, with both p and q positive numbers. In 1535, Nicolo Tartaglia announced that he found the solution of some cubic equations. Girolamo Cardano (or Cardan) gave a trick to convert any cubic equation into the form x 3 + px + q = 0, known as the depressed form. By this trick, he could solve all types of cubic equations. Although he recognized negative solutions, he did not know the existence of imaginary numbers. It was Raphael Bombelli, by including the algebra of imaginary numbers in the Tartaglia-Cardan method, who found all three solutions of the general cubic equation. 10 According to the fundamental theorem of algebra (FTA), every cubic equation with real coefficients has at most three real roots. 11 This requires the computation of the cubic root of complex numbers. It was precisely this difficulty that first aroused mathematicians to the utility, even inevitably, of the use of complex numbers. 
Again, if < 0, which is equivalent tod > 3/ 3 √ 4 m, then the cubic equation is irreducible [14] . Then, the trigonometric solution in (11), withx N =d/3, y N = 1/ m − 2/27d 3 , δ =d/3, and h = 2/27d 3 works. In the Earth-Moon system, one has ≈ −3.25 × 10 7 , thus the cubic equation is irreducible and the above trigonometric method applies, yieldingx = 220.92. Therefore, a point Q exists at just 2.9 km from the centre of the Moon.
In summary, though the problem of finding a point between two massive spheres at which their gravitational fields exactly cancel is easily solved within a punctiform model, as usually found in introductory physics textbooks and solutions manuals, a more realistic treatment that takes into account the finite size of the massive bodies yields the existence conditions for points with null net gravitational field between the surfaces of the bodies, in the line joining their centres, as well as additional solutions inside the spheres. The position of the outer solution (P) is easily computed, but the 'inner' solutions (Q) can only be found by solving some cubic equations. This is usually done via Cardan's method, but when the discriminant of the cubic equation is negative it is irreducible and Nickalls' trigonometric method yields exact closed-form expressions. When applied to the Earth-Moon system, our approach reveals the existence of 'inner' solutions located near the centre of each body, whose positions are the roots of irreducible cubic equations. I believe the content of this work can be taken as a vehicle for a classroom discussion of solutions for cubic equations and an assessment of the use of a simple trigonometric method suitable for irreducible cubic equations. So, teachers interested in integrating physical science and mathematical analysis, as well as some topics of algebra such as polynomial equations, in their lessons may find the material in this paper useful in a number of undergraduate settings 13 .
